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In tegra t ion  is used to provide  an approx ima te  solut ion for  the p rob lem of s l ight ly  twis ted  j e t s  
and wakes in a cocu r ren t  flow for the case  of l a m i n a r  and turbulent  flows of an i n c o m p r e s s i b l e  
l iquid.  A method involving the a sympto t i c  th ickness  of the je t  is used to achieve a solut ion to 
the p rob lem for the case  of a turbulent  wake behind a ro ta t ing  body. 

The p rob lem of p ropaga t ing  a twis ted  axia l  je  t in an unbounded space  has been cons ide red  by a n u m -  
b e r  of au thors  (for example ,  [1-4]). 

In th is  p a p e r  we p r e s e n t  an approx ima te  in tegra l  method of calculat ing the main segment  of a s l ight ly  
twis ted  je t  in a cocu r ren t  flow. No l imi t a t ions  a r e  imposed  on the re la t ionsh ip  between the ve loc i ty  u5 
outside the j e t  and the ve loc i ty  u 0 within the nozzle .  When m = u6 /u  0 < 1, we have the case  of a je t  in a c o -  
c u r r e n t  flow (the condit ion m = 0 c o r r e s p o n d s  to the spec ia l  case  of an i m m e r s e d  jet) .  Cases  in which m 
> 1 come about in the wake behind a body or  in the j e t  in a cocu r ren t  flow. The following method is based  
on r e s u l t s  obtained in [5] for plane and a x i s y m m e t r i c  j e t s .  

The in tegra t ion  r e s u l t s  a r e  compared  with those obtained by other  i nves t iga to r s ,  and for  the case  of 
a turbulent  wake behind a ro ta t ing  body the c om pa r i s on  is with the asympto t i c  j e t - t h i c k n e s s  solut ion p r e -  
sented below. 

The equations of motion for  s l ight ly  twis ted  axial  flow in cocu r r en t  flow can be wr i t t en  in the form 

Ou Ou 1 0 (r Xl) 
u -q-v - -  = -T- , (1) 

Ox Or p r Or 

aw q_ v aw vw 1 a(r2x2) ~ -O-~x ~ + - - '  (2) 
r p r 2 Or 

0 (ru____~) + O (rv) = O. (3) 
Ox Or 

Here  and beyond,  the upper  sign c o r r e s p o n d s  to the wake and to the je t  in the cocu r r en t  flow when m > 1, 
the lower  sign co r r e sponds  to the je t  in the cocu r r en t  flow when m < 1. 

In the equations of motion (1)-(3), with only s l ight  twis t ing it was a s sumed  that  g r a d p  = 0. 

To i so la te  the nonzero  solut ions of the sys t em of equations {1)-(3), we introduce the two invar ian t s  

5 

I = 2~p .[ u ( u - -  u~) rdr, (4) 
0 

fi 

M = 2rip y uwr~dr. (5) 
0 

Let us now p r e s e n t  the p ro f i l e s  of the components  for  the f r i c t iona l  s t r e s s  a c r o s s  the j e t  in the form 
of po lynomia ls  of deg ree  r [6]: 

xi = ~.~ Ai.r" (i = 1, 2).  (6)  
0 
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The coefficients of the polynomials in (6) a re  determined f rom (1)-(3) and f rom the boundary condi- 
tions at the symmet ry  axis and at the outside boundary of the jet:  

Or = -T p UmU'~ - -  
rmO 

o ,  
0F  r=O ' 

r---6: "%= - -  = 0 .  
Or 

(7) 

Substituting (7) into (6), we have 

' T l  
,(s) 

(9) 

Relationships (8) and (9) a re  valid for both laminar  and turbulent  flow reg imes .  

Laminar  Jet  Flows. Here  

Ou b) l~r 0 ( rw--- ) (i0) 
a) "q=-T-~ -~-r ' ~ =  ~ r  " 

It follows f rom (1)-(5) and (8)-(10) that in the assumption of slight twisting the flow charac te r i s t i c s  
in the axial d i rec t ion  (u and 6) a re  independent of the twisting (or of the velocity component w). 

Having substi tuted (8) into (10a), having integrated the l a t t e r ,  and having de termined  the integration 
constant f rom the condition r 0 = 0 and u = urn, we have 

6 [ ( ' q ) ]  (6r02--8~+3~).  (11) 

When r 0 = 1, u = u6 and it the re fore  follows f rom (11) that 

~ (-)] 
. 6 - u ~ = T - - i - ~  " ~ -0u~u~-  7 .  o 

Consequently, the prof i le  of the axial velocity eomponent f rom (1) and (12) assumes  the form 

u ' =  u~ ----1--6ro~+Sr~--3ro4 (13) 

o r  

u ----- u, -T- Ul~n (1--6r~ + 8r~ - -  3ro4 ). (14) 

Using (10a) and (14), we de te rmine  the magnitude of ( r l / r )  0 in (12): 

('%/r)o = -- 12~ u,,,162. 

Substitution of (15) into (12) yields  

82 1 -T- ul~ m 
dx = 24v UOm du~ ' 

(15) 

(16) 

On discharge of the je t  f rom a point source  when x = 0, U~m = ~o, while for the case of a wake when 
X = 0, U~m = i. 

TO integrate (16) we have to establish the relationship between 8 and Ui~ . With a wake or a jet in a 

cocurrent flow, this relationship is obtained from the condition of constant momentum (4) in all of the la- 

teral cross sections of the jet. 
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Since the veloci ty p ro f i l e s  (13) and condition (4) coincide with the data of [5], we will s imply  use the 
r e su l t s  f rom that r e f e r e n c e ,  namely:  

11 o' \1/2 

Substituting (17) into (16) and integrat ing,  we have 

x= 5%Z,;~ [ul_~ 10 I 1 11 I ] 
48nv T -~-  In u---~-~ -T- -~ -  q- a,:2 , (lS) 

where  a! = - 1 . 3 5 2  and a 2 = 0.306. 

In calculat ing the wake for a sufficiently g rea t  dis tance f rom the coordinate or igin,  in (17) and (18) 
the square  of the veloci ty  U~ is  negligibly smal l  in c o m p a r i s o n  with i ts  f i r s t  power .  Here  

~5=( 24-~ )'/' x'/', (19) 

U,m = F I (2 0) 
4.Bnix x 

In the case  of an i m m e r s e d  je t  when u6 = O, it follows analogously that 

a---- 7.78V~ - - ~ - 1  x, (21) 

1 K, 1 
urn= 2.52n v x (22) 

The resul t ing  fo rmulas  comple te ly  solve the p rob lem of calculat ing the a x i s y m m e t r i c  l amina r  je t  
or  wake in a cocu r ren t  flow without twisting. 

Substituting (9) into (10b), integrat ing,  and de termining  the in tegrat ion constant f rom the condition 
r 0 = 1  a n d w = 0 ,  we have 

2 8 2 ( ~ )  [1 ro (3--3ro r0~)]. (23) w r o  - -  + 
3 ix ~ o 

It is easy  to p rove  that the max imum of the veloci ty component  w will be found when r 0 = 1/4  and it 
is equal to 

9 68 ( x--L~ . (24)  
wr~ = 12~ IX \ r i o  

uP := 
w 256 

= ~ ro [ l  - -  ro (3--3% W ro~)l. (25) 
w m 27 

F rom (23) and (24) we find 

The re la t ionship  between w m and x is de te rmined  f rom the condition of a constant  angular  momentum 
(5) at any c r o s s  sect ion of the jet .  

Substituting (14) and (25) into (5) and integrat ing,  we obtain 

which yie lds  

- -  ~p6 3 u~ UP (1 T- 23  uzO,,, ) - -  y 
o ,n 33 

It  follows f rom (17) and (26) that 

128 
M =  

945 

o_ 945 M 6_3( 23 o )-' 
WYn ~ 128~ pu~ I ~ -~- u,m ' . (26) 

_ _  (_~0 u~, . ~ ~11 uo: ) 3/2 ( i T -~23 u o ) - , .  (27) o_  945 V ~  M 
t ~ / 2 2  Z 3 wm 128 v 6 l:: 
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From large values of x and square of the velocity U~ is negligibly small in comparison with its 
f i r s t  power. Here from (27) and (20) we have 

wm 15.95~ pu~ \ v x  / " (2s) 

In the case of an immersed  jet when u6, = 0, in analogous fashion f rom (27) and (22) we find 

1 K~ / K1) 1/2 1 (29) 
Wrn = 17.  7 U  3/2 ~ \ V ~ X - - ~ -  " 

For  comparison let us present  the resul ts  obtained by other r e s e a r c h e r s  at this t ime .  

For  the case of a wake at a ra ther  substantial distance from the rotating body Kalashnikov [6] found 

F i 
u , ~  = - -  , (30) 

4r~p, x 

1 M ( u8 / 3/2 . (31) 
w O =  18.6n pu~ \ V X /  

For a laminar  slightly twisted jet the se l f - s imi la r  solutions [1, 3] yield 

1 /<1 1 
um= - -  - - ,  (32) 

2,67~ v x 

1 K_~ ( / (1~ ' /2  1 (33) 
w~= 17.4~ s/2 v _ v 2 ] x -{-  

We see from a compar ison of (20) with (30), (22) with (32), (28) with (31), and (29) with (33) that the 
corresponding formulas  for the proposed integral method differ f rom the  formulas  for the "asymptot ic"  
solutions only in t e rms  of the numerical  coefficients. This difference is slight and ranges  within the usual 
l imits  of var ia t ion for the theory of a layer  of finite thickness and for the theory  of the asymptotic  layer .  

Turbulent Jet Flows. For a turbulent flow regime the relat ionship between the frict ional s t r e s s  com-  
ponents and those of the averaged velocity are chosen as follows: 

Ou (34) 
T I =  ~ 6 - -  , 

dr 

�9 2 = ~ r  Or , T -  " 

Since we are  dealing with the problem of jet flow involving limited twist, on the bas is  of the au thor ' s  
resu l t s  [7] it may be assumed in approximate t e rms  that 

8 -~ %. (36) 

The relationship for e o is usually [5] taken in the form 

e 0 = p• Ulm. (37) 

In (37) we can assume [8] that ~ = 0.0097. 

It follows f rom (8), (9), and (34)-(37) that in the assumption of limited twist, as well  as in the l a m -  
inar regime,  the flow charac te r i s t i cs  in the axial direct ion (u and 5) are  independent of twisting (or of w). 
Consequently, Eqs. (8), (34), and (37) form a sys tem of equations for an ax isymmetr ic  untwisted jet flow. 
This problem is considered in [5]. We therefore  present  here  the basic resul ts  f rom [5], which we will 
need in the following. 

The profile of the velocity u, as before,  has the form of (14), and the relationship between 5 and 
Ulm is determined,  again as before,  by relationship (17). Finally, the variat ion of U~m with respec t  to 
x is described by the equation 

] x 24V-~• L~ u~ -T- ~ j  u?mT 2~u~: +b,;2 , (38) 

where b 1 = 0.692 and b 2 = - 1 . 4 9 0 .  
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Fig.  1. Ve loc i ty  p r o f i l e s :  1) longi tudinal  ve loc i ty  componen t  u ~ ca lcu la t ed  
f r o m  (13); 2) c i r c u m f e r e n t i a l  ve loc i ty  c o m p o n e n t  w ~ ca l cu la t ed  f r o m  (25); 3) 
c i r c u m f e r e n t i a l  ve loc i t y  componen t  w ~ f r o m  [6]. 

Fig.  2. T h i c k n e s s  of  j e t  flow. L a m i n a r  r e g i m e :  1) wake  behind body; 2) je t  
in c o c u r r e n t  flow ca l cu la t ed  f r o m  (17) and (18) 61 = 6 /Zl ,2 ,  X = (ux)/(u6 
" Z~,2)); t u rbu len t  r e g i m e : 3 )  wake  behind body; 4) j e t  in c o c u r r e n t  flow c a l -  
cu la ted  f r o m  (17) and (38) 61 = 6/Zi ,2;  X = ~x /Z t ,2 ) .  

/,o 
I 

o ~25 x o ~23 x 

Fig.  3 Fig.  4 

Fig.  3. Change of axia l  v e l o c i t y  componen t .  L a m i n a r  r e g i m e :  1) wake  behind ~ 
body;  2) je t  in c o c u r r e n t  f low a c c o r d i n g  to (18) X =  (ux)/(u6Z~,2)); t u rbu len t  
r e g i m e :  3) wake  behind  body;  4) je t  in c o c u r r e n t  f low a c c o r d i n g  to (38) X 
= -~x/Z,,2) 

Fig. 4. Change of c i r c u m f e r e n t i a l  ve loc i ty  componen t .  L a m i n a r  r e g i m e :  1) 
wake  behind a r o t a t i ng  body; 2) twis ted  j e t  in c o c u r r e n t  f low a c c o r d i n g  to (18) 
and (27) W = (pu~ Zi,2/M)wm;3 0 X = (ux)/(u6Z~,2)); t u rbu len t  r e g i m e :  3) wake  
behind  a r o t a t i n g  body; 4) tw i s t ed  je t  in e o c u r r e n t  f low a c c o r d i n g  to (27) and 
(38) W 2 3 0 = ( P U 6 Z t , 2 / M ) w n ;  X = ~ x / Z l , 2 ) .  

In ca lcu la t ing  a wake  at  r a t h e r  s u b s t a n t i a l  d i s t a n c e s  f r o m  a body,  we can  use  the fol lowing r e l a t i o n -  
sh ips  (see  the exp lana t ion  p r e c e d i n g  (19) and (20)): 

6 = 3.06• (cxSx) z/3 , (39) 

0.099 / c x S  \a/3 
u~ ~2/3 / - ~ -  ) " (40) 

In the e a s e  of an i m m e r s e d  je t  when  u 6 = O, we ana logous ly  have  

6 ~ 24• (41) 

u,n -- - -  (42) 
;~ X 

Le t  us not t u rn  to  the  d e t e r m i n a t i o n  of the  p a r a m e t e r s  which c h a r a c t e r i z e  twis t ing  in tu rbu len t  je t  
f lows.  
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It follows f rom (9) and (35)-(37) that  the prof i le  of the c i r cumferen t i a l  veloci ty component  w is again 
de te rmined  by re la t ionship  (25), but in this case 

9 ( ~ 2 )  i 
~ 1 r n - -  

128 r-- 0 PnUlm 

Since the p rof i l es  of the veloci ty  components  u and w for  l amina r  and turbulent  r e g i m e s  a re  identical 
in fo rm and since the re la t ionship  between 5 and Ulm coincides (see (17)), for  the turbulent  r e g i m e  f o r m u -  
las  (26) and (27) r e m a i n  valid. 

In calculat ing the wake at r a t h e r  l a rge  d is tances  f rom a rotat ing body, on the ba s i s  of (40) we have 

1 /(2 u6 
w ~ -  7 . 7 2 ~  u 2Z2 (43) 

6 1 ~ X  

I t  follows f rom (42) that in the case  of an i m m e r s e d  jet 

1 Ks 1 (44) 
~P-)rn - -  

47.5n u2K]/2 x s 

A Turbulent  Wake behind a Rotat ing Body. We p re sen t  another  solution for  the p rob lem of the t u r -  
bulent  wake behind a rotat ing body. The formulat ion of the p rob lem coincides with that of the l amina r  wake 
[6]. We a re  dealing with an a x i s y m m e t r i c  turbulent  wake at a cons iderable  dis tance behind a rotat ing body 
in the flow of an incompress ib le  liquid. 

The axial  component  of the veloci ty  u is p resen ted  in the fo rm 

U = U 6 ~ U'. 

Le t  us a s s u m e  that at a cons iderable  dis tance f rom the body we have u '  << u 5. T h e  l inear ized  s y s -  
t em of equations for this  p rob lem f rom (1)-(3), (34), and (35) has the fo rm 

u~ Ou' = e ( Osu' + 1 Ou' ) 1 Op' (45) 
Ox \ Or s r ~ . p Ox ' 

Ow ( OSw 1 Ow w ) 
u~-~x = e  \-~r2r2 " + r Or -~ . '  (46) 

Op' w ~ (47) 
Or r = P  r 

0 (ru') + 0 (rv) _-- 0. (48) 
Ox Or 

As was pointed out above,  for  the case  of slight twisting re la t ionships  (36) and (37) a r e  valid.  We 
will find the values  of 5 and Ulm f rom the p rob lem of the untwisted wave [5] (see (39) and (40) of this paper) .  
F r o m  (36), (37), (39), and (40) we the re fo re  have 

e = 0.303• u 8 (cxS)2/3 x-I~ 3 ~ ~l x -I/3. (49) 

Considering (49), we come to the conclusion that  Eqs. (45)-(48) a re  l inear .  

Introducing a new var iab le  with the fo rmulas  

n = - - 3  x2/3 ' __0 = x - , / 3 _ 0  , (50) 
2 O,1 Ox 

we wr i te  sy s t em  (45)-(48) in the fo rm 

( 0su ' 1 Ou__~_' = ~i -}- 
u~ O ,I \ Or s r 

( Osw O___ww = v~ + 
u~ 0 n \ Or2 

Op' - - ~ _ p _ _  
Or 

O (ru') 

Ox 

OU'or I Pl ap'an, (51) 

I aw w \ 
r Or rS ) , (52) 

(53) 
r 

_ _  _~. 0 (rv) = O. (54) 
Or 
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System (51)-(54) coincides with that derived in [6]. 
sys tem.  Returning in the solutions to the variable x, we have 

u~ .~;3 

l K2 u~ 
~Jrn - -  

5,71~ u~Z~ x x 

There we can also find the solutions for this 

(55) 

(56) 

The formulas  thus derived in this section provide for the complete solution of the problem of a slightly 
twisted turbulent wake in an incompress ible  liquid at a ra ther  substantial distance from a rotating body. 

For  the case of a slightly twisted turbulent jet,  the se l f - s imi la r  solution from [3] has the form 

u~ - -  - - ,  (57) 
X 

1 K~ 1 
w ~ =  5 7 . 5 ~  x2K~ x 2 (58)  

We see from a compar ison  of (40) with (55), (42) with (57), (43) with (56), and (44) with (58) that, as 
in the case of the laminar  regime,  the corresponding formulas  of the proposed method differ f rom the fo r -  
mulas of the "asymptot ic"  solutions only in their numerical  coefficients.  This is a slight difference and 
falls within the range of conventional difference in the theory of a layer  of finite thickness and in the theory 
of the asymptotic  layer .  

Figures  1-4 i l lustrate the basic resul ts  of this paper.  

A = M/167rpu6; 

al ,  2 and bl, 2 

c x 
F 

I 

K 1 = I / p  
K= = M / p  
M 
rn = u~ u0; 
p '  

r o = M  
u, v, and w 
(x ,  r ,  0) 

u m = u ( 0 ,  x) ;  
f 

u m = dum/dx; 

u6 
U 0 

u ~ =  ~ ( u - u 6 ) ;  

U~m = ~ ( u  m - u6) ;  
u0 m : U , m / U ~ ;  
U v - -  U -  U6; 

u o = (u - u & / ( u  m - u~ ) 
= ul/ul m; 

W 0 = w / w i n ;  

W0m = w m us; 
Z 1 = ( c x S ) l / 2 ;  

z 2 = [I/(pu~)]~/2 
6 

s 

N O T A T I O N  

are  constants;  
is the coefficient of body drag; 
is the body drag force; 
is the momentum of the jet; 
is the kinematic jet momentum; 
is the kinematic angular momentum of the jet; 
is the angular momentum of the jet; 

is the excess p r e s su re  within the jet; 
is the a rea  of the midsection of the body; 
are  the components of the velocity in a cylindrical  system of coordinates;  

is the velocity of the uniform flow outside of the jet; 
is the discharge velocity of the jet f rom the nozzle; 

is the thickness of the jet; 
is the coefficient of turbulent viscosity;  
is the value of e for untwisted flow; 
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= ( 3 / 2 ) x 2 / 3 ;  

X 

v =g/p  
vT = 0.303x2/3; 

= r / 2 ~ ;  

P 
'r 1 and 'r 2 

is an exper imental  constant; 
is the dynamic viscosi ty  of the liquid; 
is the kinematic  viscosi ty  of the liquid; 

is the density of the liquid; 
a re  the  components of the fr ict ional  s t r e s s  in the direct ion of the x-ax is  in the c i r cum-  
ferent ia l  direct ion,  respect ive ly .  

1. 
2~ 
3. 
4. 

5. 
6. 
7. 

. 
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